In this paper, the Cartesian grid approach with virtual flux method based on the usual incompressible Navier-Stokes equations is proposed for simulating the incompressible multiple flows with heat transfer. In this approach, the fluxes on the closest grid points to virtual boundary are estimated to satisfy the velocity, pressure and temperature conditions on the virtual boundary. First, the present method is validated in flows around a circular cylinder and a pair of circular cylinders in transverse arrangement. As a result, this approach gives the good flow fields quantitatively in comparison with the reference results. Then, the method is applied to the consolidated simulations of multiple flows with heat transfer between heated and cooling flows. Therefore, it is concluded that the present approach is very fruitful for the consolidated simulation of incompressible complicated multiple flows with heat transfer.
Introduction
By downsizing and complication of the recent engineering equipment, the flow analysis with it also becomes more complicated. In the practical complicated flow, it is necessary to predict the multiple flows with heat transfer. There are two difficulties of this complicated flow analysis. One is the grid generation and another is the establishment of approach for consolidated numerical simulation of multiple flows. In the complicated flow analysis, the boundary fitted coordinates (BFC) is usually adopted. This BFC approach has the high adaptability to the boundary configuration. However, in the complicated flow geometry, it is difficult to generate the computational grid. In some cases, the time spent for the generation of computational grid is lengthened further than the computational time for practical flow analysis. Therefore, in recent years, the Cartesian grid approach is highlighted again for the numerical flow analysis.
In the Cartesian grid approaches, especially, the immersed boundary method (1) - (4) is applied to many simulations of incompressible flow. In order to satisfy the velocity conditions on the boundary points, the immersed boundary method fundamentally requires the external forcing term added to the momentum equations. Another approach named the virtual flux method is proposed recently by Tanno et al. (5) , (6) . In this virtual flux method, the fluxes of the governing equations on the closest grid point to the virtual boundary are estimated to satisfy the velocity, pressure, and temperature conditions on the virtual Vol. 4, No. 3, 2009 boundary. By using this virtual flux method, the multiple flows with heat transfer can be simulated consolidatively on the Cartesian grid system. However, the original virtual flux method is formulated in the pseudo-compressibility equations in which the velocity and pressure at next time step are computed by the relaxation scheme simultaneously. Then, the adaptability to the usual incompressible Navier-Stokes equations without the velocity relaxation is not validated. Also, the homogeneous Neumann boundary condition for the pressure,
, is used in the original method. For application to many practical flow simulations, it is very important to validate the virtual flux method in the usual incompressible Navier-Stokes equations with the usual Neumann boundary condition for the pressure.
In this paper, the virtual flux method formulated in the pseudo-compressible Navier-Stokes equations is reformulated in the usual incompressible Navier-Stokes equations with the usual pressure boundary condition. First, the present virtual flux method is validated in the flows around a circular cylinder and a pair of circular cylinder. Secondly, this approach is applied to the consolidated numerical simulation of heated flows in pipes and cooling flow around pipes in order to confirm the adaptability of 3D multiple flows with heat transfer. Finally, the counter-flow heat exchanger models are considered.
Virtual Flux Method

Governing equations
The incompressible viscous flow with heat transfer is governed by the continuity equation, the incompressible Navier-Stokes equations, and the energy equation. These equations can be written in nondimensional form by , x
where u i , p, and T denote the velocity component, the pressure, and the temperature. Re (=UL/ν) denotes the Reynolds number and Pr (=α/ν) is the Prandtl number. U, L, α, and ν are the reference velocity, the reference length, the thermal diffusivity, and the kinematic viscosity, respectively.
Computational techniques
The incompressible Navier-Stokes equations (2) and the energy equation (3) are solved by the second order finite difference method on the collocated grid arrangement. The convective, diffusion, and pressure terms except the closest grid points to the virtual boundary are discretized by the second order fully conservative finite difference method (7) , and the usual second order centered finite difference method. For the time integration, the fractional step approach (8) based on the forward Euler scheme is applied.
where u i * denotes the fractional step velocity and F i is the convective and diffusion terms. 
Virtual flux method
The virtual flux method can calculate the flows around the arbitrary bodies and in the arbitrary geometry on the Cartesian grid. This method has the advantage in which the flux on the closest grid points to the virtual boundary is changed only, so that the implementation is very easy. In order to explain the estimation of virtual flux, we consider 2D case, but the extension to 3D is straightforward. Figure 1 shows the schematic view of the virtual flux method. The solid circle denotes the grid points on the Cartesian coordinates. The virtual boundary is displayed by the dashed line. The circular and triangular symbols denote the virtual boundary points in the x and y directions, respectively. Two fluid regions, i.e., region A and region B, are separated by these virtual boundary points. The physical quantity vector is defined by q=(u i ,p,T) T . As shown in Fig.2 , the virtual boundary point is arranged between the grid points (i,j) and (i+1,j). The physical quantities on the grid point, q i,j and q i+1,j , and ones on the virtual boundary, q vb , are known. Usually, the physical quantities on (i-1,j), (i,j), and (i+1,j) are used for discretizing the spatial derivatives of momentum equations. In the present virtual flux method, the physical quantities on (i+1,j), q i+1,j , is modified to satisfy the conditions on the virtual boundary, q vb . The modified physical quantities q* i+1,j is estimated by the linear interpolation. As a result, the spatial derivatives are discretized by using q i-1,j , q i,j and q* i+1,j . However, when the distance between the grid point and the virtual boundary point is small, the calculation may fail because the denominator of interpolation is close to zero. In this case, it is necessary to change the estimation of the virtual flux. The physical quantities, q* i+1,j , are estimated by using q i-1/2,j which is defined on (i-1/2,j) shown in Fig.3 .
In order to estimate the virtual flux, it is necessary that the physical quantities on the virtual boundary point, q vb , are known. The velocity on the virtual boundary points is given by the specified velocity, u i =u vb , e.g., u vb =0 for the non-slip condition. The pressure on the virtual boundary is determined by the pressure derivative obtained by the normal momentum equation, i.e., Neumann conditions, q* i+1,j is determined by its derivative. Especially, for the inner field of stationary solid media, the velocity is u inner =0 and the pressure is determined by solving the pressure equation to satisfy the Neumann boundary condition on the boundary surface. The temperature at next time step is computed with u inner =0, so that the heat transfer in the solid media is estimated by the parabolic partial differential equation. Also, the heat transfer between flow and solid is considered by the continuity condition of heat flux, Figure 4 shows the computational domain and the used non-uniform grid. The non-uniform grid system with 248 × 248 grid points is adopted. The initial state is given by the impulsive start determined by the uniform flow with T=0.0. On the inflow boundary, the velocity and temperature are fixed by the uniform flow and the pressure is imposed by the linear extrapolation from the inner points. The velocity and temperature are extrapolated from the inner points and the pressure is obtained by the Sommerfeld radiation condition (9) on the outflow boundary. On the virtual boundary, i.e., the surface of a circular cylinder, the non-slip velocity condition, u vb =0.0, the Neumann condition obtained by Figure 5 shows the snap shots of the pressure, vorticity, and temperature with Re=200. The smooth flow field near the boundary is obtained. The vortex shedding can be observed. Table 1 shows the comparison of characteristic quantities, i.e., C Dmean , C Lamp , and St. The present solution is in good agreement with the reference ones (10) , (11) . In order to validate the result with heat transfer, the time averaged local Nusselt number with Re=218 is shown in Fig.7 . Figure 6 shows the averaged Nusselt number with the various Reynolds number. It is confirmed that the present approach gives the appropriate thermal flow in comparison with the reference results (6) , (12)- (14) . distribution (Re=218).
Validation of Virtual Flux Method
Flow around a circular cylinder
Flow around a pair of circular cylinders
In this section, the flow around a pair of circular cylinders in transverse arrangement is considered. Chang et al. (15) reported that the vortex shed with antiphase in early stage of calculation, thereafter the flow shifted to the inphase motion. The computational domain is shown in Fig.8 . The simulation with 620 × 480 grid points on non-uniform grid system which is similar to the previous case is carried out. The initial and boundary conditions, and the conditions on the virtual boundary are the same as the previous simulation. Figure 9 shows the flow field in the antiphase and inphase motions with Re=100. Table  2 denotes the comparison of characteristic quantities of upper cylinder. At early stage, t=200, the flow displays the antiphase motion. As time goes by, the inphase motion is observed (t=1000). The characteristic quantities obtained by the present approach agree with other reference solutions (5) , (15) . Then, the present virtual flux method is effective for the simulation of flow around multiple bodies.
Journal of Fluid Science and Technology
595 Vol. 4, No. 3, 2009
Consolidated Simulation of Heated Flows in Pipes and Cooling Flow around Pipes
Heated flow in a pipe
First, we consider the consolidated simulation of heated flow in a pipe and the cooling Figure 11 shows the vorticity and temperature contours on z=1.0D plane with the wall Prandtl number Pr=0.14 and 0.71. In both cases, the vortex shedding can be observed, but the heat transfer with Pr=0.71is much more than the case with Pr=0.14. This is shown in Fig.12 in which the temperature contours on z=1.0D plane for near the pipe is displayed at t=200. Clearly in the high wall Prandtl number, the heat transfer from the wall to the (b) Pr=0.71. Fig. 12 Temperature contours near a pipe (z=1.0D, t=200).
(a) Pr=0.14.
(b) Pr=0.71. Fig. 13 Time averaged temperature distributions on y=7.5D. external flow is more active than the low wall Prandtl number. Figure 13 shows the temperature distribution on y=7.5D plane. In the wall Prandtl number Pr=0.14, the temperature refracts on the boundary between fluid and wall. In comparison with the reference solution (16) , the present approach gives the well solution.
Heated flows in a pair of pipes
The two pipes which is the same shape as the previous simulation are arranged in Fig.14 . The distance between both centers of pipe is 2.0D. The grid resolution is set as the non-uniform grid with 392 × 190 × 12 grid points. The Reynolds number is Re=120 and the Prandtl number is Pr=0.71. The other computational conditions are the same as the case of single pipe. Figure 15 shows the temperature contours on z=1.0D plane. In the upstream pipe, the vortex shedding does not appear, but the vortex shedding is formed in the downstream pipe. The time averaged temperature distributions on the outer surface of both pipes are shown in Fig.16 . As the distance from inflow boundary of the heated flows becomes longer, the temperature on the outer surface becomes lower. On the upstream pipe, the temperature reaches the lowest value at θ=0 , and the temperature has the maximal value at θ=0 on the downstream pipe. In comparison with the reference solution (16) , it is confirmed that the present approach gives the appropriate solution quantitatively.
Simulation of Counter-flow Heat Exchanger Model
Computational conditions
Two counter-flow heat exchanger models are considered. One is constructed by the square ducts. Another is the ducts with oblique wavy walls. The basic unit is shown in Fig.17 . The oblique wavy wall is defined by
where A is the amplitude of wavy wall and γ(=tan 
where V and S total are the volume and surface area of the flow field. The Reynolds number and the Prandtl number are Re Dh =200 and Pr=0.71 in this simulation.
Simulation of heat exchanger model with straight walls
In this case, Lx=10.0D and 322 × 98 × 98 grid points are used. Figure 18 shows the arrangement of basic unit. The temperature distribution on x=5.0D plane is shown in Fig.19 . It is observed clearly that the temperature gradient in each passage is steep near the wall. Then, the heat exchange is done in the wall vicinity. Table 3 shows the comparison of characteristic quantities, i.e., the pressure loss fRe Dh , the ratio between maximum and mean velocities u max /u m , and the Nusselt number Nu. These physical quantities obtained by the present approach are in good agreement with the reference solutions (17) , (18) .
Simulation of heat exchanger model with oblique wavy walls
The parameters of oblique wavy wall are A=0.1D, γ=60 , Lx=2.0D. The arrangement of basic unit is shown in Fig.20 . The passage is constructed by 5 basic units and the passage length is 10.0D. The number of grid points is 322 × 98 × 144. Figure 21 shows the velocity vectors and streamwise velocity contours of central passage on x=5.7D plane. Morimoto et al. (19) reported that the strong rotating flow to the low pressure region was induced, since the flow along the oblique wavy walls was restricted in the side walls. As a result, the clockwise vortex in the upper wall and the counterclockwise vortex in the lower wall were formed. The similar flow pattern is observed clearly in the present solution. Table 4 shows the pressure loss and the Nusselt number of straight and oblique wavy walls and the ratio. In comparison of the oblique wavy wall with the straight wall, the pressure loss becomes larger. However, it is confirmed that the heat transfer is promoted in the oblique wavy wall, because the Nusselt number becomes larger than the case with the straight wall. This is due to the secondary flow induced by the dissimilarity of the oblique wavy walls. Then, for the heat exchanger model, it is found that the efficiency of heat transfer is improved by using the oblique wavy walls. The computational conditions are slight different from the reference simulation (19) , so that the present result agrees qualitatively with the reference result. 
Conclusions
In this paper, the Cartesian grid approach with virtual flux method based on the usual incompressible Navier-Stokes equations is proposed for simulating the incompressible Vol. 4, No. 3, 2009 multiple flows with heat transfer. First, the present method is validated in flows around a circular cylinder and a pair of circular cylinders in transverse arrangement. As a result, this approach gives the good flow fields quantitatively in comparison with the other results. Then, the method is applied to the consolidated simulations of multiple flows with heat transfer between the heated and cooling flows. In the simulation of heated flows in pipes and cooling flow around pipes, the present approach shows the good agreement with the reference solution. Finally, the simulation of counter-flow heat exchanger model with straight and oblique wavy walls is carried out. The appropriate solution can be obtained in comparison with the reference result. Therefore, it is concluded that the present approach is very fruitful for the consolidated simulation of incompressible complicated multiple flows with heat transfer.
